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Bethe Ansatz Equations for the Broken 
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We obtain the Bethe ansatz equations for the broken Z~-symmetric model by 
constructing a functional relation of the transfer matrix of L-operators. This 
model is an elliptic off-critical extension of the Fateev-Zamolodchikov model. 
We calculate the free energy of this model on the basis of the string hypothesis. 
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1. INTRODUCTION 

In the two-dimensional  solvable latt ice models  with Ising-like edge interac- 
tion, the s ta r - t r i ang le  relat ion 

pW(a,  b I v, w) i f(a,  c I u, w) W(b, c l u, v) 

=~ ,  l~(a,d[  u, v) W(d, b lu, w) l~(d, c lv, w) 
d 

p =p(u ,  V, W) independent  of  a, b, and  c 

(1.1) 

plays a central  role. In (1.1), the summat ion  on d is taken over all local 
states. These are the relat ions among  the two Bol tzmann weights 
W(a, b lu, u) and i f (a,  b lu, v). They live on the edges in two different 
directions of  the two-dimensional  p lanar  lattice. The local state variables a 
and b live on the ~ites. We denote  the spectral  parameters  by u and v. (See 
Fig. 1.) 
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Fig. 1. 
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Graphical representation of W ( a ,  b I u ,  v) and ft'(a, b [ u, v). 

Since Fateev and Zamolodchikov ~j~ obtained an N-state generalization 
of the critical Ising model as a solution of the star-triangle relation (STR), 
there have been two different off-critical extensions of this model. One is 
the chiral Potts modeP 2~ and the other is the broken Z~-symmetric model. 
Both are Ising-type edge interaction models. The STR for the chiral Ports 
model was proved in refs. 3 and 4. Though this model is still under 
investigation, ~s-ml the lack of a difference-variable parametrization in this 
model causes difficulties in analysis. Kashiwara and Miwa tl~ proposed the 
broken ZN-symmetric model, and Hasegawa and Yamada 1~2~ proved the 
STR for this model. Unfortunately the proof in ref. 11 was wrong because 
of the incorrectness of the "ICU lemma" in their paper. 

In this paper, we study the eigenvalues of the transfer matrix r v, w) 
of the broken ZN-symmetric model, 

b o b l  �9 . .  b t l  - I �9 (u. v, w).,o., ..... ',,,_, = 
M--I  

1-I r r bj+, I -w) 
j=O 

and calculate the free energy of this model. (See Fig. 3.) 

Fig. 2. 
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Graphical representation of the star-triangle relation. 
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Fig. 3. Graphical representation of ~(u, v, w). 

The local state variables take their values in Z/NZ.  Throughou t  the 
paper, we deal with the case of  N odd, N = 2n + 1. The Zz-symmetry  of the 
Boltzmann weights 

W(a, b I u)= W ( N - a ,  N - b  [ u), ff'(a, b l u)= W ( N - a , N - b  l u) 
(1.3) 

ensures that  the eigenvalue r = + 1 of  the spin reversal opera tor  ~ '  is a 
good quan tum number,  where ~ ~ End((CN) | is defined by 

M times 

~'. = R | 1 7 4  |  ,-,. cm v~mi �9 .. ~xvj = (1.4) 

�9 ~N~ ( j ~ Z / N Z )  constitute an or tho-  which satisfies ~ 2 =  1. The vectors ~j 
normal basis in C N. In the homogeneous  case u = v, we show first that  any 
eigenvalue ~0(u) of  ~ (u )  = ~(u,  u, O) can be written as 
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(p(O) p(X) ,~M ~,~ o,(~- uj I ~/2) 
~P(u)=\p(u) p(2-u)/ f=~, O,(ujI 3/2) (1.5) 

n 1 p(u)=fiO2(u-(2j-1)~llr/2 ), r /=~,  2=~-~/  (1.6) 
j = l  

See Appendix A for the notation of the theta functions. The zeros 
{Ul,..., UZ,M} of rp(U) are described as follows: 

G(Vk+2/2[ r/2)~ TM M+l 2"MO'(vk._______ZVj't-~Iv/2) 
O,(vk__2/Zlr/2) j =(--1) j~=a Ol(vk--VJ--r]['C/2) (1.7) 

;t Vk=Uk--~ for k=l,...,2nM (1.8) 

2 n M l - - r ( ' c )  
Y' vj-----~-mod Z ~ Z  (1.9) 

j = l  

We call Eq. (1.7) the Bethe ansatz equation. The condition (1.9) follows 
from the double periodicity of rp(u) discussed in Section 4. We obtain the 

"U) ~) 

j~ ia 

//%, ,Y 
3 ~  i2 

",4 

I i l  I Jl 
V ll/ 

Fig. 4. Graphica l  representat ion of (1.10). 



Bethe Ansatz Equations for Broken ZN-Symmetric Model 55 

Bethe ansatz equations above through a functional relation (1.13) for the 
transfer matrix of L-operators. These L-operators L(u)  E E n d ( C N |  2) 
were originally constructed by Sklyanin (13" 14) as a solution to the relation 
(Fig. 4) 

L ~  - v) L~ -- w) R~v(V -- W) 

12 0 ~ = Rsv(V - w) L -(u - w) L ~  - v) on c N | 1 7 4  2 (1.10) 

where the upper indices 0, 1, and 2 mean that L~ acts only on the ith 
and j th  components of c ~ V | 1 7 4  2 and as identity on the other com- 
ponents. We denote the R-matrix of the eight-vertex model by Rsv(U). (15' 16) 
We consider the transfer matrix La(u) of these L-operators, 

s = tr c~( L~ L tM(u) . . . L M -  IM(u)) (1.11) 

M t imes  

L~ L I M ( u ) . . . L M - ' M ( u ) e E n d ( C X |  . . .  | 1 7 4  -') (1.12) 

We derive the functional relation 

s - u - I/4) O(u) = C ( U ) M ( f ( u ) M ~ ( u  -- ~1) + ( - - f (2  -- U)) M ~(U + r/)) 

01(u+r l  [ r/2) (1.13) 
f ( u ) = O , ( 2 u  l r) (1.14) 

02(u I r~2) 

O , ( u - 2 ( j - 1 ) r / I  r / 2 ) 0 2 ( u + ( 2 j - 1 ) r / I  r/2) 
C(u)= [0_,0304](0 I ~) 

(1.15) 

by the method which Baxter employed to solve the eight-vertex model. 15-17} 
The correspnding functional relations in the chiral Potts model and in the 
RSOS model associated with the eight-vertex model were obtained in refs. 
18 and 19, respectively. 

We calculate the free energy of the broken Zu-symmetric model under 
the hypothesis that the solution of the Bethe ansatz equations corre- 
sponding to the ground state consists of "strings of length N- -  1." We show 
that, in the infinite lattice limit, the centers of these strings are distributed 
on the imaginary axis with the density p(w) ,  

O , ( 2 ~ - I N w ] N z )  4 <~ K 
p(w)  = 2 N [ O , _ O 3 ] ( O I N r  ) 8=(2 x//--~--fNw[ Nr) '  - w < ~  (1.16) 



5 6  Yamada 

where r = ~ K, and the free energy per site is 

F ( u ) = -  ~ ({sinh ( ~ J u ) s i n h  [2~--J/(2~-u)] s i n h \ N  K 

 [,cos  ') nl (1.17) 

The last expression agrees with the result of Jimbo et aL ~2~ obtained by the 
use of the inversion trick, and in the trigonometric limit of x ~ oo it 
recovers the results of Fateev and Zamolodchikor ') and Albertini. t~~ 

The organization of this paper is as follows. In Section 2, we review 
necessary facts about the R-matrix of the eight-vertex model, Sklyanin's 
L-operator, and the broken Zu-symmetric model. We derive the functional 
relation (1.13) in Section 3. After showing commutation relations among 
~(u), ~(v),  and ~,  we obtain the Bethe ansatz equations in Section 4. We 
calculate the free energy of the model under the string hypothesis in 
Section 5. Finally, in Section 6, we conclude with a brief discussion. We fix 
the notation and list the formulas for theta functions in Appendix A. 
Miscellaneous properties of the Boltzmann weights are summarized in 
Appendix B. We devote Appendix C to the proof of the commutativity 
between ~ and ~ .  

2. REVIEW OF THE BROKEN Z N S Y M M E T R I C  M O D E L  
J 

We fix the notation for matrices. We denote the vector '(0 ..... ][ ..... 0) 
in C'" by v} "'), j = 0 , 1  ..... m - l ,  and the matrix elements of 
A e End(C"' | C"'-'| ... @C"") by 

m I - -  i m 2 - -  l 

Av,, |174 . . .  |  ~. ~. 
Jl = 0 J2 = 0 

m l - -  1 

~. v j ,  | v j, | . . .  | AJ, J ' J ,  - [ j  I il i r  i I 

j l = O  

Sklyanin 113"14) constructed the L-operators L (u )eEnd(CN|  2) for the 
eight-vertex model satisfying (1.10). The R-matrix of the eight-vertex model 
Rsv(U) is a solution of the Yang-Baxter equation (Fig. 5), '5" ~6) 

O l  0 2  1 2  Rsv(U Rsv(V Rsv(U-V) --w) --w) 

I 9 0 o = R8~(u-w) o, RsrA V - w) Rsv(U v) on C 2 | 1 7 4  2 (2.1) 
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l l k 

Graphical  representat ion of the Yang-Baxte r  equation.  

Its nonzero matrix elements are 

Ro~176 = R l ' , ( u )  = [ O,,032(r~)E O, O3](u)[ O, 042(u + ~) 

R~ = Rl~ = E O203](q)[ O, 04](u)[ O.,O3](u + o) 
ROg(u) ,o = R o l ( u  ) = [ 0 1 0 4 ] ( 1 7 ) [ 0 2 0 3 ] ( u ) [ O 2 0 3 ] ( l g  --~ y]) 

R~176 -- R~(u) = [ 0, 04](Y])[0104](l/)[0104](u + q) 

The other elements not specified above are all zero. Here we denote 
Ot(u) O4(u) by [O~04](u) for short. We usually suppress the elliptic 
modulus r. When q =n/N, N = 2 n  + 1, the L-operators L(u) in (1.10) have 
a "cyclic" representation. In this representation, L(u) factorizes elementwise 
as  

where 

L .i(u)bJ = Ki~(u) KJ~(u) (2.2) 

gJ~+o.~u) = ( - 1 )j{l  + c,)/2[01 +jO4_j](bl _ o'al~ --~ 1) ( 2 . 3 )  

{ 04(2aq)'~ 1/2 
Kj~(u)=G: 'G; 'KJZ(u) ,  tT, = ~ 04- - -~  ) (2.4) 

for j = 0 ,  1, a,b=O, 1 ..... N - l ,  and a =  _1. (See Fig. 6.) 
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Kiba(u - W) = 

"tO 

Fig. 6. 

"U) 

Graphical representations of Kibo(u -- w) and KJh.(v -- w). 

The factors Ki,(u)b and KJ~(u) are zero unless l a - b ]  = 1. We can iden- 
tify these K(u)'s as the intertwining vectors appearing in the vertex-face 
correspondence. 12~-z6) Even in the Fateev-Zamolodchikov model these 
K(u)'s are different from the three-spin object V's in refs. 2 and 5 by defini- 
tion. Their V's are defined by the Fourier-transformed images of the 
product of two Boltzmann weights. These two objects, however, should 
have an intimate relationship, because the transfer matrix s in the Fateev- 
Zamolodchikov model is also constructed from V's. (5) 

Under the Z~-transformation which sends a to N - a ,  they change as 

j N - - a  ) j i l l - -  )+1  K N_b(U) = ( -- 1 1 K/~(u), N--a  1) jO1- -1 )+1  a K j N _ b ( U )  = ( - -  K j b ( U )  

(2.5) 

They satisfy the unitarity relations 127~ Fig. 7) 

1 

G, Ky~(U+ 2) KY~(u)=O,c[O~0304](O) GbO2(2u) (2.6) 
j=O 

N--1 

E 
a = 0  

G,K+~(u + 2) KYb(u) = ~ / j [ 0 2 0 3 0 4 ] ( 0  ) GbO2(2u) (2.7) 

N-- I  

E 
b = 0  

b jb GbKia(u ) K o(u + 2)=~ij[  O~0304](O) G, Oz(2u) (2.8) 
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a b 
xCa c~ i -P 
U+)~ ~[/. = ~ae[O20304](O)GbO2(2u) 

'tO 

x G a  a b = dfac[O20304](O)GbO2(2u ) 
u+~ 

'113 

~ b x G6::: ~ac[O20304](O)GaO2(2"a ) 

Fig. 7. Graphical representations of unitary relations be tween  the K's. 

In ref. 12 we determined the Boltzmann weights W. and i of the broken 
Z~symmetric model by the relations (Figs. 8 and 9) 

1 

W(a, b I u, v) 2 Kilo( u - w) Kjda(v -- w) 
j=O 

I 
= ~. Ki'~(v - w) Kja(v -- w) W(c, d I u, v) (2.9) 

]=0  
N--l  

i ( a ,  b lu, v) K i ; ( u - - w )  KJ ; ( v - -w)  
b=0 

N--I 
= ~" K , ~ ( v -  w) K J ~ ( u -  w) i f(b,  c I u, v) (2.10) 

b=0 

b 

a 

d 
d v 

_ -  

W W 

Fig. 8. Graphical representation of (2.9). 
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Fig. 9. Graphical representation of (2.10). 

From the above relations and (2.5), we have the Z2-symmetry 

W(a, b [ u, v) = W ( N - a ,  N - b  [ u, v) 
(2.11) 

ff'(a, b lu, v)= f f ' ( N - a ,  N - b  l u, v) 

Equation (2.9) implies that W(a, b I u, v) = W(a, b I u -  v) and that 

W ( a + l , b + l  [u) O 3 ( u + ( a + b + l ) t  l) 
W(a, b l u )  - O 3 ( u - ( a + b + l ) q )  

(2.12) 
W ( a + l , b - 1  lu) 0 2 ( u + ( a - b + l ) t l )  

W(a, b l u )  - 0 2 ( u - ( a - b + l ) q )  

The crossing symmetry 

ff'(a, b lu)=GaGbW(a,  b l 2 - u )  (2.13) 

holds in this model. Hasegawa (27) proved the crossing symmetry only from 
(2.9) and the unitarity relations (2.7) and (2.8). We thus have 
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ff'(a+l,b+l lu) Ga+tGb+n 04(u-(a-t-b)rl) 
ff'(a, b l u )  G,,Gb 0 4 ( u + ( a + b + 2 ) q  

f f ' ( a + l , b - 1  ]u) G , + l G b - i  0 1 ( u - ( a - b ) q )  
ff'(a, b l u )  G,,Gb 0 1 ( u + ( a - b + 2 ) q  

(2.14) 

without directly solving (2.10). We can see from (2.12) and (2.14) that the 
Boltzmann weights satisfy the reflection symmetry 

W(a, b [ u) = W(b, a [ u), if(a, b ] u) = ff'(b, a [ u) 

Defining T~+)(a 1 u) and T~-)(0c [ u) by 

u)=~=~ Ok(u+(2 j -1 ) l l )  TCk-~(o~lu)=T~+)(o~12--u) (2.15) 
T~+)(~ .= O k ( u - ( 2 j -  1)r/)' 

respectively, we find the solutions to the recursion relations (2.12) and 
(2.14) under the normalization W(0, 0 [ u) = if'(0, 01 u) = 1: 

W(2a, 2b l u )= T ~ + ) ( a - b  l u) T~+)(a+b [ u) 

ff'(2a, 2b [ u ) = G 2 , G z b T ~ - ) ( a - b  l u) TC3-)(a + b l u) 

Here all local state variables are to be read modulo N. See Appendix B for 
details. Hasegawa and Yamada c~2) established the star-triangle relation 
(STR) in the broken Zu-symmetric model, 

pW(a, b l v - w )  ff'(a, c l u) W(b, c l u - v )  

N - - I  

= ~ if(a, d [ u - v) W(d, b I u - w) if(d, c [ v - w) (2.16) 
d = 0  

where p is a scalar function independent of a, b, and c. 

3. F U N C T I O N A L  R E L A T I O N  

In this section, we consider the transfer matrix of the L-operators and 
construct a functional relation for it. In the course of the calculation, we 
utilize the factarization property of L into K's, (2.2). We define a 2-by-2 
matrix L(a, b [ u, v, w) by 

K a ( v - w )  b lb �9 , ,  _ {Ko~.(u- w) o~ Ko,,(u -- w) K ,( v -- w)'~ 
L(a, b lu, v, " l - \ K z ~ ( u - w  ) K~ K l , ( u _ w )  Ib,,(v_w).] 
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,bobl...bM_t 
/~(u, 13, ZO )aoal...aM_ 1 .= 

V _ _  

aO --~:~ bo 

O,M-I 

~ M - 1  

~ bM-1 

iO 

Fig. 10. Graphical representations of Lg(u, v, w). 

Then the transfer matrix ~(u ,  v, w) of L-operators on the lattice of width 
M with the periodic boundary condition is (Fig. 10) 

,,~7(/,/, U, W~ bObl ".bM-I 
" a O a l  " " �9 a M -  I 

= tr(L(ao, bo [ u, v, w) L(al,  bl I u, v, w) . . .  L ( a g _  1, bM- l I u, v, w)) 

M--I 
E K, . ,  ~J,(u- w) s,b, = , ~ K . j ( v - - w )  (3.1) 

io,.-., i M -  I j = O  

The final goal of this section is to establish the functional relation 

~ ( 2  - u, 2 - v, w + 1/4) (~(u, v, w) 

= C ( u , v , w ) M ( f ( u ' v ' w ) M ~ ( u ' v ' w + r l )  ) (3.2) 
+ ( --f(2 -- v, 2 --u, --w)) g ~(u, v, w --rl) 
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where we define C(u, v, w) and f(u, v, w) by 

C(u, v, w)= [ O,_O3043(O)[ T~+'T~+)](n l u-w)[T~z- 'T~-)](n l v - w )  (3.3) 

[ 0 ,  0 4 ] ( v  - w + rt) 
f(u,  v, w)= 01(2u- 2w) (3.4) 

[0203](u-w) 

This functional relation reduces to (1.13)-(1.15) in the homogeneous case, 
u =  v. We achieve this goal by the method /t la Baxter/~s-~7~ which states 
the following: Suppose that we can find C-valued functions C)~(b I u, v, w) 
(v=0 ,  1,2,3 and b ~ Z / N Z )  and matrices PsEEnd(C-') for j ~ Z / M Z  
which satisfy 

N--I 
p~ ,  ~ (o, w) L(a, b lu ,  v, r (b I u, v, w) P]+t 

b=0 
(~b)l '(a ] /d, V, w ) ~ ) 3 ) ( a  I u, 1, w)X~ 

= 0 r v, w)/  for a s Z / N Z a n d j e Z / M Z  (3.5) 

Then we have 

Y~ #o~ I u, v, w) r176 I u, v, w) 
bo,..., b a t -  I 

• . . .  r  , (b~,_ ,  l u, v, w ) ~ ( u ,  v, w)~~ "'~A'-'-oM-. 
M--I M--I 

- I-[ CJ-"(aj l u, v, w) + 1--[ ~' - r (ajl  u, v, w) 
j=O j=O 

Defining vectors $~"l(u, v, w) ~ (CN) | by 

~(V)(u, v, W)aoa ~ ...aM-t = 

we can write (3.6) as 

(3.6) 

M--1 
1--I ~v) w) (3.7) Cj (ajlu, v, 

j=o 

.~(U, V, W) I]](0)(U, [, W)=  I]](1)(/,/, /), W)"-]-[//12|(U, /), W) (3.8) 

In the following, we will find a family of solutions to (3.5) 

CJV~(blu, v,w).=r b, cj+llu, v,w) (v=O, 1 , 2 , 3 a n d b e Z / N Z )  

ej = P(cj) 

labeled by {(Co, cl ..... Ce- l )  I c j~Z /NZ  for j ~ Z / M Z } .  This gives rise to 
N M vectors ~U v) labeled as $IVl(u, v, w) *~ c, ...... u-,. We will also prove that 

822/82 '1-2-5 
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q/'s are propor t ional  to the row vectors of  the diagonal- to-diagonal  transfer 
matrix q~ of the broken Z : s y m m e t r i c  model,  

cO c l  �9 �9 " C M -  I ~r176 u, J.--V, w +  1/4)b0b , -..bM-i 

~(U, V, W :~ .... M-L (3.9) 
I b o b l  " " b M -  I 

~b~l~(2- u, 2 -  v, w + 1/4 ~c~ .... " - '  
I I b o b l . . . b M - I  

- pV'0c, .... M-, (3.10) =(C(u, v, w) f (u ,  v, W))M q>(U, V, W .  ''bob,--.bM-, 

~Z~(2--U, 2 - - V , W + I / 4  :~ .... M-I 
1 I b o b  I . . . b M - I  

w - ' ~ " ~  .... , ,-, (3.11 ) = ( - C ( u ,  v, w ) f ( ~ - v ,  2 - u ,  - W))M ~(U, V,, ",'b0b,-..b,,-, 

The results (3.8)-(3.11) together imply the functional relation (3.2). 
Now we start  to solve (3.5). We write the matr ix  elements of  P / a s  

(p~Ol p;_,) 

\pj.,, pJ:'/ 
t ~ ( 0 )  ( 1 ) )  and its first column vector (~,/ , p /  as p/. Multiplying P / t o  (3.5) from 

the left and taking its first column, we have 

N - - !  

~~ [ u, v, w) L(a, b I u, v, w) Pj+l 
b = O  

= ~ l ~ ( a [ u , v , w ) (  for a s Z / N Z  (3.12) 

For  later use, we define the functions A.~+~, A~___~, J . ,  and J* by 

d.~+~(p, a lu)_.~o~k'.•  cl~ ,,+I _ - v  ~ ' l  ,, ( u ) - - p  K o ~ ( u )  

= K  7, (u)p + K  ,, (u)p 
a - -  + 1  a -  J ,(a [ u) = K o ,, l(u) Ki "+ I (u ) -  Ko~,, (u) K l , I(u) 

6*(a [ u) - K~ l(u) Kl"+~ l(u) K~ l(u ) K t ~  t(u ) 

Equations (3.12) constitute a system of 2N homogeneous  linear equations 
in ~~ [ u, v, w) and ~)>(a  [ u, v, w) for a E Z / N Z .  It has a nontrivial  solu- 
tion if and only if the determinant  of  its coefficient matr ix  vanishes. 
Demanding  this condition, we obtain 

N - - 1  

I-I A.~-~(Py, a l u - w )  AL~(a,P/+~ l v - w )  

N - - I  

+ I-I A , ( + ) ( p / , a ] u - w ) A ' : + ~ ( a , p / + ~ l v - w ) = O  (3.13) 
0 = 0  
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Later  we find that Eq. (3.13) restricts pj to a discrete set of values. When 
we parametrize pj as 

-'c" /f~ [ [0~03](c,7) "~ 
py=p(cj),  pt )=~ ,p ( , , ( c ) J=~  (3.14) 

- [ 0 1 0 . ] ( c q ) /  

and denote the dependence on p(c) simply by c and U~ = u + ~1, we find 
that the A's and 5's become 

[0203](0) 
A,(+_l(c, a l u -  1/4) - 02( U +,.~:,) 03( U:rr:r, ,) 

G,,G.+ 1 

A~'+ )(a, c l u -  1 /4 )=  [0203](0) 01(U+.~:~+]) 04(U+~+~+ 1) 

[-020304](0 ) 
5 , ( a l  u -  1/4) = 0~(2Uo) 

G,_lG, ,+l  

6*(a I u -  1/4) = [020204](0) G]O,(2U~) 

Under  the parametrizat ion (3.14), the condition (3.13) holds if and only if 
either the cj are all integers or all half-integers. We restrict outselves to the 
case that the cj are all integers, because only in this case does the relation 
(3.8) give the functional relation (3.2). The system of equations (3.12) 
involves not  all r but only r176 + 1 [ u, v, w), r176 - 1 [ u, v, w), and 

(l) ~ w). Expressing 1 v, w) and r ( u, v, Cj (,, [ u, v, r176 u, (l) a w) in terms 
of io) . w), we obtain r ( . - 1  lu, v, 

r176 [ u , v , w )  A.{_l(c j ,  a u - - w )  A~'_)(a,c/+l v - - w )  
(3.15) 

C f ) ( a - - 1  [ u , v , w )  A,(+)(cj ,  a u - - w )  A*+l(a, cj+l v - - w )  

r I u, v, w) = 5 . (a  [ u- -  w) A~_)(a, cj+ l [ v--  w) 
CJ.~ 1 l u, v, w) A,,---~+ }-(cy,---a-[ u---~.v) (3.16) 

F rom (3.15) and (3.16), we can write r I u, v, w) ( v = 0 ,  1) as 

CJ~l( a 1 u, v, w) = r a, cj+ 1 [ u, v, w) (3.17) 

where the function r a, c ' [u ,  v, w) is independent of j. Taking the 
determinant of both sides of (3.5), we find 

det(P/+ ] ) 
a,(c~, a I u - w )  6*(a, cj+, I v - w) ~ ) -  

r162 a, cj+ l l u, v, w) Cj(Z)(a l u, v, w) 
(3.18) 

= r176 a - 1, cj+ ~ I u, v, w) r176 v, a + 1, cj+ l I u, v, w) 
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We set det(Pj) to unity without loss of generality. Then Eqs. (3.15), (3.16), 
and (3.18) give 

~2~(cj, a, cs+ ~ I u, v, w) 

#~ a - 1, cj+ ~ I u, v, w) 

= --(~*(a I v - w )  # -I(cj' a l u -  w_~) (3.19) 
dr cj+ I I v--w) 

where we write ~bj~ v, w) as ~bl2~(cj, a, cj+l lu ,  v, w). The relations 
(3.15), (3.16), and (3.19) recursively determine r ~b s. We abbreviate 
u-w+oLr/  and v - w + ? r /  to A~ and B~,, respectively. Comparing (3.15) 
with (2.12) and (2.14), we have 

~b~~ b + 1, c I u, v, w + 1/4) 

~b~~ b - 1, c [ u, v, w + 1/4) 

W(a, b + 1 ] Ao) l~(b + 1, c I Bo) 
- (3.20) 

W(a, b -  1 I Ao) ff'(b - 1, c I Bo) 

Hence we find that ~b ~~ is a product  of the two Boltzmann weights, 

~br176 b, c [ u, v, w + l /4)= W(a, b [ Ao) ff'(b, c [ Bo) (3.21) 

F rom (3.15) and (3.16), we obtain 

~bll~(a, b +  1, c I u, 

~b" I(a, b -  1, c [ u, 

~bl~ b + 

~r176 b -  

The same produce for ~b ~-~ yields 

v, w + 1/4) 

v, w + I/4) 

1, c I u - r / ,  v - r / ,  w +  1/4) 

1, c [ u-r~, v-r~, w+ 1/4) 
(3.22) 

~121(a, b + 1, c [ u, v, w + 1/4) 

~b~2~(a, b - 1, c I u, v, w + 1/4) 

~bt~ b + 1, c I u + ,7 ,  v + r/, w + 1/4) 
- ~bc~ b -  1, c [ u+r / ,  v+r / ,  w +  1/4) (3.23) 

By (3.21)-(3.23), we can write ~b I1~ and q~12~ as 

dpt~(a,b, c lu ,  v ,w+l /4 )= fo , . ( u , v , w )W (a ,  b l A  i)ff '(b, c l B  t) (3.24) 

~12~(a,b, c lu ,  v , w + l / 4 ) = g , c ( u , v , w ) W ( a ,  b l A  i) ff'(b, c l B l )  (3.25) 
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where f,~ and gar are functions independent of b. Eqs. (3.16), (3.21), and 
(3.24) determine f,,~(u, v, w) as 

fat(u, v, w) 

Gb Ol(B-b+c+l) 04(B-b_c+l) 
= [020304](0) 01(2Ao) - -  

Gb-i Oz(Aa-b) 03(A-a-b) 

W(a, b - 1 ] Ao) ff'(b - 1, c ] Bo) 
x 

W(a, b [ A_~) if(b, c [ B_l)  

[Ol04](Bt) 
= C(u, v, w) Ol(2Ao) = C(u, v, w) f (u ,  v, w) 

[0203](Ao) 

where C(u, v, w) and f (u ,  v, w) were given in (3.3) and (3.4), respectively. 
The last equality is due to (B.4). In the same way, we obtain 

gac(u, v, w) = -- C(u, v, w) f ( 2  - v, 2 - u, - w) 

Equations (3.24) and (3.25) become 

~ ( a ,  b, c I u, v, w +  1/4) 

= C(u, v, w) f (u ,  v, w) W(a, b I A - l )  if(b, c I B_t )  (3.26) 

~blZl(a, b, c [ u, v, w + 1/4) 

= - C ( u , v , w ) f ( 2 - v ,  2 - u ,  - w )  W(a, b l A  l) l~ (b , c [B  l) (3.27) 

Substituting (3.21), (3.26), and (3.27) into the definition (3.7) of 
qs')(u, v, w) and using the crossing symmetry (2.13), we obtain (3.9)-(3.11 ). 
We have the functional relation (3.2) as a result. 

4. BETHE A N S A T Z  EQUATIONS 

In this section, we give commutation relations among ~ ,  .2~ and 
�9 (v), and reduce the functional relation (3.2) to the functional equation 
among their eigenvalues. After discussing some properties about the zeros 
and poles of the eigenvalues of ~(u), we derive the Bethe ansatz equations 
(1.7)-(1.9) for the broken Z : symmet r i c  model. 

First we h~ve 

Le(u, v, w') r v, w) = r v, w) Le(v, u, w') (4.1) 

We give a proof in Appendix C. In the case of the homogeneous systems, 
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i.e., u=v and w=w', Eq. (4.1) means the commutativity of two transfer 
matrices ~ ( u )  = ~(u ,  u, w) and ~(u) = qS(u, u, w), 

[ s r  = 0  (4.2) 

The star-triangle relation (2.16) gives 

[~b(u), r  = 0  (4.3) 

and the LLR = RLL relation (1.10) guarantees 

[s Aa(v)] = 0  (4.4) 

The relations (4.2)-(4.4) make it possible to diagonalize ~ ( u )  and ~(v) 
simultaneously by eigenvectors independent of the spectral parameters u 
and v. Fixing one of the eigenvectors and denoting the corresponding 
eigenvalues of A~ and ~(v) by l(u) and q~(v), respectively, we can rewrite 
the functional relation (3.2) as 

l ( 2 -  u -  1/4) ~p(u) 

=C(u)M(f(u)M ~O(U--q)+(--1)~t f(2--U)M qO(U+tl)) (4.5) 

where from (3.4) and (3.3), f(u) and C(u) are 

['01 04](/,/ "4- q) 
f(u)=Ol(2u) 

[0203](u) (4.6) 

C(u) = [ 09_ 0304"](0)[. T~z + ITI_3 + )TI_2 -)TC_3 -Ilt,,j,,, l U) 

The next step to derive to derive the Bethe ansatz equations is to examine 
the quasiperiodicity property of cp(u). We have the relations 

�9 (u + 1 ) = ~(u) (4.7) 

~'qS(u) = ~ ( u ) ~  = ~ u + ~  (4.8) 

We have defined ~ in (1.4). The periodicity (4.7) is obvious from the 
definition (1.2) of q~ and the periodicity (B.5) of W and if'. The other 
periodicity (4.8) follows from (B.6). We also have the commutativity 

[~ ,  Aa(u)] = 0  (4.9) 

from the Z2-symmetry of K's, (2.5), and the definitions (1.4) and (3.2). 
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Diagonalizing ~ and ~(u) simultaneously with ~(v) ,  Eqs. (4.7), (4.8), and 
(1.4) give 

r + 1 )=  ~o(u), r r=-I-1  (4.10) 

where r is an eigenvalue of ~.  The poles of r are coming from only 
those of the matrix elements of ~(u). We define 

p(u)=\~j J=, 

= f i  0 2 ( u - ( 2 j - 1 ) ~ l r 1 2 )  (4.11) 
j = l  

which contains all possible poles of W(a, b lu). The same is true for 
p ( 2 - u )  for if" by the crossing symmetry. Hence the set of zeros of 
(p(u)p(A-u))  M contains all poles of ~o(u). By the Lemma in Appendix A 
and the double periodicity (4.10) of ~o(u), we can write ~o(u) as 

r-l'-,,M 01(U -- I r/2) 
~o(u) = (const) * ij= ~ uj (p(u) p( A-- u) ) M 

2.~ 1- - r  ( r )  
~" uj==-nM2+---f--mod Z@-~Z 

j = l  

The initial condition @(0)=ld,  (B.3) determines the normalization of 
const, 

(p(0)p(2) ~2~!--~'O,(u-ujl r/2) 
r p ( 2 - u ) J  :x l O , ( u j l  ~'/2) 

(4.12) 

Assuming C(ui)50 in (4.6) and substituting Uk ( k =  1 ..... 2nM) into (4.5), 
we have 

f(uk) M ~p(Uk -- r/) + ( -- 1 ) ~ f ( 2  -- Uk) ~ ~(Uk + r/) = 0 

for k =  1 ..... 2nM (4.13) 

We further assume that uk (k = 1 ..... 2nM) are neither zeros nor poles of 
f(u), f ( ,~-u) ,  and ~p(u___ r/). Then (4.13) becomes 

( f(uk) p(u~+rl) p(;--Uk--~_))~ M 

2riM 0 t U U J-  ~+l  r-I I~ k-- S_____________..__~r/I r/2) 
= ( - - 1 )  )~1 81(Uk--Uj--rlJr/2) for k = l  ..... 2nM (4.14) 
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We can write f(u) in (4.6) by (A.2) as 

f '  , r/(2r) Ol(u[ r/2) 0 ] ( u + r  1 [ r/2) ~u) = - ~  

Then the left-hand side of (4.14) reduces to 

O,(uklr/2) ~2M 

01(Uk--2 l r/2)J 

After shifting Uk by 2/2, i.e., putting 

2 
Ok = Uk -- ~ for k = 1 ..... 2riM 

we obtain the Bethe ansatz equations (BAE) for the broken Z~symmetric  
model, 

(O](vk+2/2lr/2)~ TM 2"~0 'v vj+~/I r/2) 

01(vk--2/2lr/2)J = ( _  M+I ]~ u - -  1) 1~10I(VE--Vj--~IIr/2) 

for k =  1 ..... 2nM (4.15) 

v j = - ~ - - m o d  Z |  Z (4.16) 
j = l  

5. D E N S I T Y  F U N C T I O N  A N D  FREE E N E R G Y  

In this section, we will calculate the free energy of the broken Z~sym-  
metric model from the Bethe ansatz equations under three assumptions 
concerning the ground state. One is the String Hypothesis below, and the 
others are about the distribution of string centers v~ = x/r-S~ w~ and the 
corresponding quantum numbers Is. We restrict the spectral parameter u 
to the region [0, 1/2N], in which all the Boltzmann weights are real and 
positive, and r to a pure imaginary number, r = x//-S-i - x, with x real and 
positive. 

By a string of length 1 and parity v ( =0  or 1) with its center v~, we 
mean the following set: 

v~j=v~+(2j-- l--1)  +-~ mod Z O  Z 
v~,j (5.1) 

for j - -  1, 2 ..... l, and v~ pure imaginaryj  

We suppose that the following hypothesis holds in the infinite lattice 
limit.r 
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Str#Tg Hypothesis for the ground state. The solution of the BAE 
(4.15), {v j, j=  1 ..... 2nM}, corresponding to the ground state consists of  
strings of  length N -  1 and pari ty [ 1 - ( - 1 )" + J ]/2. 

More  precisely, for finite systems the solutions of the BAE may  have 
deviations from strings. The hypothesis asserts that  these deviations vanish 
in the infinite lattice limit. In the course of  the following calculation we deal 
with the solutions of  the BAEs as if they were genuine strings, since we are 
interested in thermodynamic  quantities. Because all the matr ix  elements of 

are real and positive, the Pe r ron-Froben ius  theorem ~29~ shows that 
the ground state belongs to the sector of  zero quas imomentum.  I~~ The 
hypothesis  implies that  the ground state also belongs to the sector r =  1, 
and that  the corresponding solutions are made up of M strings of  length 
2n. We denote them by 

r/ 1 - - ( - l ) " + '  ( ) 
v~'J=-n/r~w~+(N--2J)2 + 2 mod  Z(i)2Z 

for ~ = 1  ..... M and j = l  ..... 2n 

where w~ are all real and taken as 

K K 
- ~<.wz <~w~_<~ . . .  <~w,v<-~ 

Then the BAE for the ground state becomes 

O,(vp.k+2/2 I z/2)~ T M  1)M+ 1 f i  ~ O,(vp.k-v=.j+q l v/2) 
O~(vp.k--2/21r/2)J =(-- 01(vp.k - v ~ . j - q  I r/2) ~ = 1  j = l  

for ] ?=1  ..... M, k = l  ..... 217 (5.2) 

Multiplying (5.2) over k = 1 ..... 2n, we have 

" ' ' ' + ' / t  TM ,X(wP"2--N(n--2k+l)  + 4 

M n . 2 /, , 2n_~.~]-~-i 
F 2"-' (w, 1 

where X(w, a) is 

x(w, a) - O~(a- n/~L-i " w I r/2) 
0,(a + ~ - 1  w l t/2) 

(5.3) 



72 Yamada 

Taking the logarithm of (5.3) and dividing it by 2 ~ n M ,  we have 

~--(wp) = I p  for f l=  1 ..... M (5.4) 
M 

where the quantum numbers Ip are integers and 

1 M 
J-(w) = ~(w) -~-~ ~__ ~(w-w~) 

( ,,( 1) ,-,-,/,+,) 
~-;(W)=k=l t w , ~ - N  n - 2 k +  + 4 

~-" ( ) / ' 2 , ,  2 , ol+22,. , w, ,s 
1 

t(w, a) = ~ log Z ( w ,  a)  

Albertini et al. (9) numerically investigated the three-state Fateev- 
Zamolodchikov model. Their results indicate that the String Hypothesis 
holds. We assume that the centers w of the strings are distributed densely 
on the interval [ -K/4,  x/4] in the limit of M large, and that the quantum 
numbers lp satisfy 

I/~+1 = I p +  1 for f l = l , 2  ..... 2 n M  (5.5) 

These are the second and the third assumptions we make. The results by 
Albertini et al, also support them. We furthermore conjecture that 

w~ = - - W M - ~ +  I (5.6) 

holds exactly for the ground state even in the finite lattice. This conjecture 
is conssistent with their results. If (5.6) is true, we can show that 

# - ( K / 4 )  - ~ ' (  - h : / 4 )  = 1 (5.7) 

and this implies that 2M integers Ip must fill the interval [ - M ,  M) 
without jumps if all Ip are different. This also supports our assumption. But 
we do not use the conjecture (5.6) in this paper. 

We now proceed to the calculation. We define the density function for 
w's by 

1 
p(wp) = lira (5.8) 

~, ~ ~. M ( w p +  l - -  w/~) 
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which is positive and for any integrable function f(x),  

1 M fh'/4 
lim ~, f (w,)  = f(w) p(w) dw 

M ~  oo m ~=  1 --x/4 

holds. Considering the difference of (5.4) for Ip+, and Ip 

1 Ip+,--lfl J'(wp+,)--J-(w/~) m 
M(wp+, -- wp) M(wp+, - w/j) wp+, -- wp 

and letting M-- ,  oo, we obtain 

(5.9) 

d~-(w) dg"~l(w) 1 f,,*14 d.Y-2(w-r~) 
p(w) -  d ~ - 7 -  d~w- 2-~.-/4 dw p(~)d# (5.10) 

By (A.1) and (A.4), we can expand t(w, a) as 

I . 0,((2 v /~ I /K ) {a }  + (2flc)w I -2/v)  
t(w, a) {a} 

w-F~---~log 0,((2 ~ / K ) { a }  (2/K)w I -2/r) K 

4n ~ sin((4rck/x)w) s i n h ( ( 4 n k / t c ) ( { a }  - -  I/2)) 
(2{a} 1) + 2.., ~c k=, k sinh(2r~k/K) 

We denote the fractional part of x by {x} = x - [ x ] ,  [x] being the Gauss 
symbol. When we write the Fourier expansions of d#qdw)/dw, d#-2(w)/dw, 
and p(w) as 

d ~ ( w )  = 

d w  k = - 

p(w)= ~. 
k = - - o ~  

Ajk exp (4 X/~K l nk w ) 

pk exp (4 V/--~K l rCk w) 

for j = l , 2  

the integral equation (5.10) gives 

a l , k  

Pk -- 1 + (K/4) A2.k 

The coefficients Ajk are 

t4n NK 
A l,k = 4 sinh(0zk_/NK)(N- 1))cosh((nk/NK)(N+ I)) 

t. x sinh ( 2rck / x ) cosh(2~k/x) 

k = 0  

k r  
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1 +-~Az.k }2 sinh((nk/NJc)(N- 1)) cosh((r~k/NK)(N+ 1)) 
k 0 

W e  obtain the density function for strings, 

2 exp((4 ~ rck/x)w) 
p ( w ) = -  

tc k = -oo cosh(rtk/Nh') 

Using (A.1) and (A.5), we can rewrite it as 

2 1-8304] /'0 1 ~ 83(2co/K1 --1/Nr) p(w)  
=-x ~ -- ~ f l  84(2w/h] 1/Nr) 

83(2 ~ Nw I Nr) 
= 2N[8z83](O Nr) 

Oz(2 ~ Nw I Nr) 

The free energy per site F(u) of the model is defined by 

(5.11) 

F(u)= lim ( - l l ~  (5.12) 

where cp(u) is the eigenvalue of the transfer matrix O(u) corresponding to 
the ground state. We can write cp(u) as 

( p(0)p(2) ,~M z,, M 

j = l  ot~l 

8,(V/~-]- w + flj-- u I r/Z) 
Djiu, w ) -  8,(x/-f-i-w+fljir/2 ) 

n /" N 1 )  1 - - ( -1 )  "+' 
pj= {~j}, 7j = ~-~ ~ - 2 j +  H- 4 

by (4.12), (5.6), and the String Hypothesis. Then the free energy per site is 

F(u) = - l og  ( p ( 0 )  p(2) "~ 
\p(u) p(2 - u)/  

. 1 ,,4 
- hm - -  ~ log Dj(u, w~) 

j ~ l  M ~ ~ 1 7 6  m o~=l 
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= - log  ( p ( 0 )  p(~) 
\p(u) p ( , l -  u)/ 

l f  f., --~ o_~./4(logDj(u,w))p(w) dw 
j = l  

Since p(w) is an even function, it is enough to integrate the even part of 
log D:(u, w). We hence have 

F(u) = - log ( p ( 0 )  p(~) 
\p(u) p(~- u)/ 

l_2j=, ~ log D,'"'(u, 4) 

f FMe)lu 1 2. ~-/4 dlog~.j ~ ,w) 
+ 2 j~= ~ -~/4 dw #-~(w)  dw 

where DJ~l(u, w) and pl-l'(w) are 

f 
ll, 

p(-l)(w) = p(~) dl~ 
- -  ~ : / 4  

DJ"I(u, w) = (Dj(u, w) Dj(u, --w))1/2 

A little cumbersome  calculation yields 

- log  ( p ( 0 )  p(2) "~ =E,(u)+E2(u) 
\p(u) p(2 - u)/ 

21 ~ l~ DJ ~, (u, 4 ) =  --E,(u)+E3(u) 

r n(e)tt, I W) 1 -~'' ~-/4 d logu)  ~ , pl_l)(w)dw=_E3(u)+E4(u ) 

where 

~,,u> 2=,, ( ~ =  ~ u _2u) 

~ 2 ~ _ _ 4 ~ ( { s i ~ : ~ / ~  ~ ,  1 

x~os~(-~)s,nh(~o)} 
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E3(u)=-4 ~ (-l)'({sinh(~-~u) 
/=1 

sinh [ ~7----~/(2~- u)] 

[2hi ] {'2rtl ~ ] 
x c ~  s inh /~n)J~  

x [ / sinh (~-~-/) sinh (2rd'~] -1 ) \ N K / J  

E4(u)=4 ~, ( {sinh (~-~u) sinh [2n---~l (u -2~)  ] 
I=1 K" 

F 2rtl 1 )] sinh (2nl x c~ [~K (n + \Nxn)}  

/2nl~ co h -J) x[lsinh(2~----/)sinh~,~-~x) s (~x) ]  

Now F(u) has the final expression 

F(u) = E 2 ( u  ) + g 4 ( u  ) 

- - , = ,  t (2rd 
- ~ ({sinh (~Ju)s inh  [ - ~ ( ~ - ~ - u ) ]  sinh \NKn)} 

It agrees with the result of Jimbo et aL 12~ obtained by the use of the inver- 
sion trick. In the trigonometric limit x ~ + oo, the free energy formula 
(5.13) reduces to the integral 

fo  sinh[Nnx( 1/2N- u)] sinh(mzx) lim F(u) = - dx sinh(Nztxu) 
. . . . .  x cosh(Nnx/2) cosh2(nx/2) 

which also agrees with the results of Fateev and Zamolodchikov ~11 and 
Albertini3 ~0~ The former was obtained by the inversion trick, and the latter 
by the Bethe ansatz method. 

6. D I S C U S S I O N  

The first main goal of this paper is the functional relation (3.2). We 
obtain it was a functional relation for ,ga(u). The diagonal-to-diagonal 
transfer matrix ~(u) of the broken Zw-symmetric model appears naturally 
in this relation. We obtain the Boltzmann weights W and if" of the broken 



Bethe Ansatz Equations for Broken ZN-Symmetric Model 77 

Zu-symmetric model in an algebraic way different from that of ref. 12. We 
obtain W and if" as the solutions to the relation (3.12). In ref. 12 they are 
the solutions to the relations (2.9) and (2.10). 

The Bethe ansatz equations (4.15) are the second goal of this paper. 
The commutativity (4.1) between L,a(u) and ~(v) is essential to get the 
Bethe ansatz equations (4.15) from the functional relation (3.2). It is 
notable that the unitarity relations (2.6) and (2.7) guarantee this com- 
mutativity. This contrasts with the usual situation where the commutativity 
of the transfer matrices is derived from the STR or the LLR = RLL type 
relations. 

The Fateev-Zamolodchikov model is the trigonometric limit of the 
broken Zf symmet r i c  model. It has the Z~symmetry  besides the 
Z2-symmetry. Hence the ZN-charge q~ { - n ,  -17 + 1 ..... n -  1, n} is a good 

quantum number, where exp(2 x ~ - I  zr(q/N) is an eigenvalue of the 
Zu-charge operator .~ ~ End((CN)| 

M times 

~ = Q | 1 7 4 1 7 4  

( J )  "'N' f~ j=O,1 N - 1  (6"1) ..... = e x p  2 

Albertini ~~ obtained the Bethe ansatz equations and the formula for the 
eigenvalue q~vz(U) of the diagonal-to-diagonal transfer matrix for the 
Fateev-Zamolodchikov model. They are 

( s(~k + 2/2)'~ T M  l)~t+t 
s ( t k _ 2 / 2 ) /  = ( -  

2,,~1_z12 Iql s(vk - vj + r/) 
x l  j=j s (vk -  t ~ -  r/) 

for k = 1 ..... 2nM 

( p ~ ( 0 )  p ~ . ( 2 )  ~M2nM--21qls(u--blj) 
q~vz(U) = \p~.~) p ~ u )  j I--[ S(Uj) 

j = l  

p~(u) = lim p(u) 

(6.2) 

(6.3) 

where s(u)= sin(rcu) and p(u) is given in (4.11 ). The notations are slightly 
changed from ref. 10 to allow comparison to our case. The main difference 
is the number of factors on the right-hand sides of the BAE and in the 
expressions of ~he eigenvalues ~0(u) and q~vz(U). It is always 2nM in the 
broken Zu-symmetric model, and in the Fateev-Zamolodchikov model it 
is 2 n M - 2  Iq[, which depends on the sector of the Zu-charge operator ~. 
This difference originates in the fact that the ZN-symmetry holds only in 
the Fateev-Zamolodchikov model and that it breaks away from the criti- 
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cality. The BAE (4.15) for the broekn Z~symmetric  model should coincide 
with those for the Fateev-Zamolodchikov model in the trigonometric limit 
h---, oo. We conjecture that the situation is the following. In the solution 
{v~ ..... v,_.,,u} to the BAE (4.15) for the broken ZN-symmetric model, some 
of them diverge to ___ ~ oo all in the same order in x when the tri- 
gonometric limit is taken. Half of them diverge to ~ oo, and the other 
half to -x//-S-i - oo. There is always an even number of them, between 0 and 
2n. Let 2q be this number. Then q determines the sector of the Z~charge  
operator in which this eigenvalue falls. In this situation, the BAE (4.15) 
and the eigenvalue ~o(u) in (4.12) surely become the BAE (6.2) and ~0vz(U) 
in (6.3), respectively, in the trigonometric limit. 

The free energy (5.13) agrees with the result of ref. 20 by the inversion 
trick. The String Hypothesis for the ground state in Section 5 is consistent 
with their result. In our formulation, it is manifest that the free energy F(u) 
is doubly periodic in u, 

F(u + 1 ) = F(u + r/2) = F(u) 

from (4.10), (5.12), and the fact that the ground state belongs to the sector 
of 1"= 1. This result of for F(u)  also gives the ground-state energy of the 
one-dimensional spin chain Hamiltonian ovf corresponding to the broken 
Z^~-symmetric model, 

log 45(u) = I d +  uo~f" + O(u 2) 

The Hamiltonian :ocf itself is modular invariant, :g'(r) = ~ (  - l/r). We will 
report on these matters elsewhere. 

A P P E N D I X A .  T H E T A  F U N C T I O N  

We summarize the necessary facts about theta functions in this 
appendix. See refs. 30 and 31 for proofs. We define O~(u[ r) by 

Ol(u I r) = 2q 1/4 sin(nu) f i  ( 1 - 2q'-" cos(2nu) + q4,,)( 1 - q2,,) 
n ~  1 

where q=exp(,,/"-S-lnr). It is an odd function in u and has the 
quasiperiodicity 

Ol(u+ 1 I r ) = 0 t ( u  I r) 

01(u+ r I r ) =  _ q - i  exp(2 x / ~ r c u )  01(u I r) 
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and satisfies 

u -!) 
The other theta functions 02, 03, and 04 are defined by 

02(u I 3) = Ol(U + 1/2 I r) 

03(u I 3) = _ql/4 exp(x/-S- i rtu) Ol(u + 1/2 + 3/2 I 3) 

04(u ] r) = - x//--~ ql/2 exp(xf-S- i- nu) 01(u + z/2 I 3) 

We abbreviate a product  of theta functions of the same argument to, for 
example, 

[Or O~_](u I 3) = O~(u 1 3) 02(u I r)  

[02030,](O I r) =02(0 1 r) 03(0 1 3) 04(0 1 3) 

In this notation, 

, r/(2r) 2 
[O~04](u l r ) = - ~ - O ~ ( u  l r/2), 

, r/(23) 2 
[ OtO2](u l r;= fl--~(-~O,(2u 12r), 

[0203](ul3) r/(2r)2 '~ ' 13/2) : /~(T--""~ U2[U 

r/(2r) 2 
[0304"](U I "t ')= 04(2U I 2r) 

r/(43) 

(A.2) 

hold, where 

q ( r ) = q  1/24 I~I ( 1 - q " )  
n~ I 

is the Dedekind eta function. The necessary addition formulas are 

1-0203](u I 3)[0203](v 1 3)+  [0104](/31 27)[0104](U I ~) 

= [ 020, ](O I r)  O2(u ~ v l 3) O~(u + v l 3) 

[ O,04](u l 3)[02031(vl r)___ [ 020a](u l 3)[ Ol04-1(v l r) 

= [0203"](0 I "C) 01(U__ V I 3) 04(U ~ V I "C) 

(A.3) 

822/82/I-2-6 
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In Section 5, we use the Fourier expansions 

1 Ol(w + v I r) 
x / r ~  log Ol(w_ v I r) 

=-2r t{v}  + 2  ~ sin(2rckv) sin(2r~k(w-r/2)) (A.4) 
k = l k sin(rtkr) 

03(u I t ) _  1 ~. exp(x/-S-i" rcku) (A.5) 
04(u I r) [0304](0 I z) k=_~ cos(nkr) 

which are valid for 0 < Im(w) < r and v real We are denoting the fractional 
part of x by { x}. The expansion (A.5) is essentially the same as that of the 
Jacobi elliptic function dn(n, k) 

re ~ exp(~/r-~rdu/K) K=~03(0  I r)-' 
dn(u, k) =2"Kt }-"~- cos(n/r) ' 2 = - -  , 

The next lemma is fundamental. 

L e m m a  1. Let f(u) be a meromorphic function which is not identi- 
cally zero and has the quasiperiodicity property 

f(u + 1) = exp( - 2  ~ roB) f(u) 

f ( u  + r ) =  exp(--2 x~--I 7t(A l +Azu))f(u) 

Denoting the zeros and poles of f(u) by ul, u2 ..... u. and Vl, v2 ..... v,,, 
respectively, then we have 

n-re=A2,  ~" uj-- ~, v j - � 89  mod(Z@rZ)  
j = l  j = l  

and 

f ( u )  = C exp(x//-L-] " zt(A, -- 2B)u )  F l y = ,  O , ( u  - u j  I r)  
- I-I7"~ O , ( u - v : l  r) 

with C independent of u. 

A P P E N D I X B .  B O L T Z M A N N  W E I G H T S  

In this apendix, we list some formulas for the Boltzmann weights. 
Solving the recursion relations (2.12) and (2.14) under the normalization of 
W(0, 0 I u )=  if'(0, 0 I u )=  1, we have, for a, b=0 ,  1 ..... n, 
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W(2a, 2b I u) = W ( N - 2 a ,  N - 2 b  I u) 

= T~+~(ia-b[ l u) T~+l(a+b l u) 

W( 2a, N - 2b l u ) = W( N - 2a, 2b l u ) 

(+) . T ~  + = Z 2 ( u + b  I u) ~ ( l a - b l  I u) 

ff'(2a, 2b [ u) = i f ( N - 2 a ,  N - 2 b  I u) 

= G 2 . G 2 b T ~ - ) ( l a - b l  l u) T ~ - ) ( a + b  l u) 

l~( 2a, N - 2b l u ) = f f  "( N - 2a, 2b l u ) 

=G2.G2bT~- ) (a+b  l u) T ~ - ) ( l a - b l  l u) 

Noting that T ~ ( a l  u) in (2.15) satisfies 

T~Y~( 0 I u )= T ~ ) ( N I  u) (B.1) 

T~"I( N - a  I u )= T ~ ( a  I u) (B.2) 

we can extend the domain of the first argument of T~ r to all integers by 
periodicity. With this convention we can rewrite the above expressions for 
the Boltzmann weights simply as 

W(2a, 2b l u)=  T ~ + ) ( a - b  l u) T(+~ta+b l u) _ 3 ', 

l~(2a, 2 b l u ) = G ~ , G 2 b T ~ - ) ( a - b l u )  T~3-~(a+blu)  

We have in particular at u = 0 and 2, 

W(a, b l O) = G S l G ~  ff'(a, b l 2) = l 
(B.3) 

G.Gb W(a, b [ 2) = if(a, b I 0) = 6ab 

When we write u + a~ 1 as U~, the next identity for -k'm') 

T~Y') (n-a  l u) 
T~"~(a l u + rrzq ) 

gives 

W(a, b - 1  lu) 
W(a, b l u + a ~  

f f ' ( a , b -  l lu) 

ff'( a, b l u + arl ) 

\ G (  U-2o,+~1 +,,,~/2)/ 

=(O2( U,~-,,+b)) O3( U,,(,,+o)))-'~[ T~+) T~+'](n l u) 

a b -  I = Gb (Ol(U~-"+m+l)O4(U~"+b)+l))"[T~-~T~3-)](nlu) 

(B.4) 
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T~ "~ has the quasiperiodicity 

T~k"(a ] u + 1) = exp(4 ~ zcaa2rl) T~')(a [ u + r) = T~'(a [ u) 

T~"(a I u+r/2)=exp(-2x//--~--fnaa2rl) T~')( a ] u), k + k ' - 0  mod 5 

Hence we have 

W(a, b l u + l ) = W ( a ,  blu),  i (a ,  b l u + l ) = i ( a ,  b lu)  (B.5) 

and 

W(a, b lu+r /2)=exp( - -4x / -~n(a2+b2)~  l) W(a, N - b  l u) 

i ( a ,  b l u+ r/2)=exp(4x/Z-l  n(a2 +b2)rl) if(a, N - b  lu) 

We note 

W(a, b I u) i ( b ,  c I u) 

= e x p ( - 4  x/--Z--1 n ( a 2 -  c-')r/) W(a, N - b  l u+ r/2) i ( N - b ,  c lu+r/2) 
(B.6) 

A P P E N D I X C .  C O M M U T A T I O N  RELATION B E T W E E N  
3~ A N D  

In this appendix, we give a proof of (4.1 ). A graphical representation 
of this proof for the case of M = 2 is illustrated in Fig. 11. We have 

(r v, w) .~(u, v, w'W ~  . r a o . . .  a M _ 1 

, c o . . ' C M - I  ~.C~(U, , t x b o . . . b M - I  = ~ O(u, v, ~)bo. . .~ , ,_ ,  v, i, J,,o . . . .  , , - ,  

b o . . .  b M -  I 

= ~, W ( b j _ , , c j l u - w )  i ( c / , b j l v - w )  
b o . . .  b M -  I 
i o . . . i M -  i 

x K i,+.~(u~ --w') KiJbJ(v,,+ -- w')) 

By the unitarity relation (2.7), inserting 

~ i ' a '  c o  i _ _  G~,Kr.,(w--w +2)K+~176 w') 
1 = ~ t~io i ,  - -  

r [0_,0304](0 ) G~oOz(2w - 2w') 
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tot 

p Co 

aoC,, 

9 (  ,~c, 
alc( 

io "Oco 

tot to 

,~ock--- 7 

= lc~_____ 7 
to io> 

,~,c( 
w+ ), i,'h 

/• cO 

~ = 
U <~ "OCo 

~co  
/ 

x ( G~, 
~ [o:3o ,1( o )CooO2( 2to - 2to')) 

t O  t 

ao~ No 
'/3 O,l( ~ ,//" N.N,~il, "0 0,1( ~ N ~ I  t / , 1 ( ~ ~ l  "V 

" , v  ! "o o - "  
o, , W - ~  +~ o , W - w + ~  ~o 

~[o::,](o)C,oO2(2to - 2w'Y a ~ ,  

x ~[o::,](o)acoO~(2~- ~')) 
Fig. I 1. Graphical representation of a proof of s v, w') ~(u, v, w) = ~(u, v, w) s v, w'). 

we have 

= ( [020304] (0 )  G,.oO2(2w--2w'))-' 

• E ZGo'K,  .c~ ' �9 , , . ( w - w  + 2 )  
bo �9 �9 " b M -  I i ' a '  

i o . . ' i M - I  

x W(cj, bj[v-w) W(bj_l,cjlu-w) 
] 
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/o co • K ,,, (w - w') Kio~_~ j (u - w') 

• K i J ~ ( 1 ) - - W  ') . b J - ' ( U - - W ' )  g r b o  K,joj_, , , o ( v -w ' )  

Successive use of  (2.9) and (2.10) yields 

= ([0~0304](0) G,~O2(2w- 2w') ) -x  

x E E G , ' K c ~ ? ( w - w ' + k ) K " ' b ~ ( w - w ' )  
bo., " bM- 1 i'a' 
i o  � 9  �9 i M -  I 

• Z K,,;,)Co-w') K'JCJ+'bj+,(u--w') 
~j=O 

' ' - '  r - -w ' )  K iM-' 3 (u  - -w ' )  • Kinr ~ bM- ~, 

M--2 ) 

X ( j ~ I  0 [Tl/(bj'glj] O - w )  W ( a j ' b j +  1 } u - W )  

• f f ' ( b g - , ,  aM-1 I V -- W) W ( a g _ l ,  a' I u -- w) 

By the unitarity relation (2.6), we have 

~.i, GaoKr c?( w - w' + 2) K i' ~_ ,  (w - w') 

[020304](0 ) GcoO2(2w- 2w') 

then the above formula reduces 

g-- I  
= ~" ~=o K'J;~(v-w')K~J;~++"(u-w') 

bo... bM- t \ j 
io...iM-I 

• ff'(bj, aj I v -  w) W(aj, bj+, I u -  w)) 

= ~ ~ ( u ,  v, ,t,'v'o ...... " - '  r  v, w P  ~  
�9 Ibo...bM_l --tflO..,a3t- I 

bo"" bM- I 

= (  ~ ( u ,  v, w') ,~(u, v, w W  ~ .... M - ,  --~IO0...OM_ I 

Now we obtain 

r  v, w) ~ ( u ,  v, w') = .~(u, v, w') ~(u,  v, w) 
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